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formance sensitivity occurs for variations in aircraft weight
and specific fuel consumption. However, fuel consumption
appears to be relatively insensitive to variations in thrust and
atmospheric variations.

Path Adjustment
Performance sensitivity may be compensated by adjusting

the nominal trajectory to be fuel optimal for the specific
variation under consideration. As a first step, optimal cruise
points are determined for each variation using Eq. (3). Only
variations in the drag coefficients, aircraft weight, and at-
mospheric conditions cause a shift in the cruise point. The
cruise point shifts upward as the drag coefficients and aircraft
weight increase, and it shifts downward as the parameters
decrease; while a Hot Day atmosphere causes the cruise point
to shift upward and a Cold Day atmosphere causes a down-
ward shift. Using the values for (ocDc/Vc) calculated at
these adjusted cruise points, the adjusted minimum fuel
trajectory for each variation is determined. The fuel per-
formance sensitivity for each variation is given in Table 3.
Path adjustment causes very little, if any significant im-
provement in fuel consumption for any of the parametric or
atmospheric variations. For example, when aircraft weight is
increased by 20% along the nominal path, fuel consumption
increases by 23%. However, when the nominal trajectory is
adjusted to be fuel optimal for a 20% weight increase, the fuel
consumption is increased by 22% representing a 1% im-
provement. Obviously, adjusting the nominal trajectory to be
fuel optimal for the parameters examined here fails to provide
significant improvement in fuel consumption.
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provides an extremely flexible synthesis technique a structural
approach may, nevertheless, provide a superior design. In
particular, it may be possible to achieve 'perfect' following,
i.e. perfect matching of the dynamics of the compensated
plant to those of the model, without rescourse to a high-gain
controller. Further, an algebraic control law may be readily
combined with a parameter estimation scheme to provide an
adaptive capability.

Following the work of Erzberger5 on the implicit model
following problem various structural approaches have been
adopted in synthesizing RMF controllers. Curran6 exploited
the concept of 'equicontrollability' to present an approximate
design technique. An asymptotic RMF control law was
derived by Chan7 for the class of plants and models whose
output vectors are identically their state vectors. Landau and
Court!ol8 have considered the adaptive model following
problem for the same class of systems. Lowe,9 using the
second method of Lyapunov, derived an asymptotic control
law applicable to single variable systems. In this paper a con-
trol law is obtained for a class of linear multivariable systems
and the necessary and sufficient conditions for perfect
following are derived. This control law reduces to that of
Lowe for single variable systems and the derivation parallels
the Lyapunov synthesis technique.

Asymptotic Solution

Consider the linear time invariant multivariable plant

yp = Cpxp (1)

anwhere xp is an n state vector, up an m input vector and yp
Bp and Cp are matrices of appropriate

B
m output vector. Apy
dimensions. It is assumed that the triple (Ap, Cp) is con-
trollable and observable. The prespecified linear time in-
variant model is described by

~r £>

— *-' (2)

where the dimension of ;cm, the state vector, is arbitrary, um is
an m input vector andjw is an m output vector.

The model following error e is defined as

e(t)=ym-yp (3)

The design problem is to synthesize up such that e ( t ) — -0 in
the steady state. For a given plant and model the necessary
and sufficient conditions for the existence of a perfect RMF
control law must also be derived.

The time derivative of the error is given by

Introduction

THE technique of real model following control (RMF)
has been shown to be amenable to the solution of many

aircraft control problems. Commencing with the work of
Kalman1 and Tyler2 extensive use has been made of linear op-
timal control theory in the design of RMF controllers.
Available designs include the partial state feedback controller
of Winsor and Roy3 and the stability augmentation and mode
decoupling controller of Yore.4 While optimal control theory
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= CmAmxm + CmBmum-CpApxp-CpBpup

Let the input to the plant be decomposed as

where Kisa gain matrix to be determined.
Substituting Eq. (5) into Eq. (4b) yields

It is required that

Lim e ( t ) =0
(~ 00

(4a)

(4b)

(5)

(6)

(7)
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Let K be chosen such that all the eigenvalues of ( -CPBPK)
have negative real parts. Arbitrary eigenvalue assignment is
possible provided det (CpBp) ^0. If det (CpBp) =0 some of
the eigenvalues may be placed at the origin at the expense of a
steady-state error. Equation (7) may thus be satisfied if det

(8)CmAmxm+CmBmum-CpApxp-CpBpu*p =

which yields a unique solution for u*. If CpBp is singular, but
the steady-state error due to the zero eigenvalues of (—CpBp
K) is acceptable, the best approximate solution is the least

where D is arbitrarily chosen such that Q is nonsingular.

Simulation Results

The application of the RMF control law discussed in the
previous section is illustrated by a simulated aircraft example.
The problem considered is that of achieving lateral-
directional decoupling of a T-33. Hall10 first treated this
problem by a 'response-feedback' approach and it was sub-
sequently treated by Cliff and Lutze11 using geometric
decoupling theory. The plant is described by the matrices

squares sense tor up is given by

u*p = (CpBp) + [CmAmxm + CmBmum-CpApxp] (9)

where + denotes the pseudoinverse of a matrix and it is
assumed, for the present, that CpBp^O. Substituting Eq. (9)
back into Eq. (8) yields the necessary and sufficient conditions

-3.18 0.0 0.63 -10.6

1.0 0.0 0.0 0.0

-0.06 0.0 -0.27 4.18

0.022 0.644 -0.998 -0.151
for RMF as

rCmBm=TCmAm=TCpBp=0 (10)

where r= [7- (CpBp) (CpBp) + ] . The RMF control thus BP =

takes the form

up =Kpxp + Kmxm +Kutim (1 1)

where
c —Kp=-KCp-(CpBp)+CpAp (12a) p

~ -14.4 1.5 0.0

0.0 0.0 0.0

0.0 -2.59 -0.96

0.0 0.037 0.0

~ 1.0 0.0 0.0 0.0

0.0 0.0 1.0 0.0

0.0 0.0 0.0 1.0
Knj=KCm + (CpBp)+CmAm (12b)

is _ / s~if D \ + f> D /i Op^ with x p — \ppf &n> Pn ) and u p — ( oci p, orp, op p )
p p m The matrices for the noninteractive model are given by

The model following configuration is depicted in Fig. 1.
When CPBP=Q a similar control law can be derived by
decomposing up as

u = Kje-\-K2e^-u* (13) Am =p P

and obtaining K,, K2 and u* such that the limit of e ( t ) =0. A
nontrivial solution will exist for «* provided CPAPBP^0. If
CmBm^Q up will contain a term involving um which may not
be acceptable. If CPBP = 0 and CpApBp = 0 a control law can
be synthesized by including higher derivative terms of e ( t ) in
the decomposition of up. On implementation of the control 5 _
law of Eq. (11) the closed loop poles of the plant are given by
the zeros of det [sI—Ac] where

-3.18 0.0 0.0 0.0

1.0 0.0 0.0 0.0

0.0 0.0 -0.27 0.0

0.0 0.0 0.0 -0.151

-14.4 0.0 0.0

0.0 0.0 0.0
C,r = C

0.0 0.0 -0.96

0.0 0.037 0.0
Ac=Ap~BpKCp-Bp(CpBp)+CpAp (14)

with xm=(pm^m>rm^m)T and um = (fam,bmtbpm)T.
and will not necessarily all lie in the left half of the complex It is easily verified that perfect model following can be
plane. The stability of the controller must therefore be achieved. Assigning eigenvalue -5.0, -5.0, -2.5 to (-CpBp
checked independently. If CPBP is nonsingular it can be K) yields a suitable K as
verified that m eigenvalues of the closed loop system are given _ _ _
by the eigenvalues of (—CpBpK). This can be shown by a
linear transformation of the closed loop state equations by ,,J\ —r Cp ~]^

m E fc/'vY-- r XTTI

1 -0.347 0.0 7.038

0.0 0.0 67.568

0.0 -5.208 -72.125

—— i i ——— i I —— I x I —— l^
m *\^/ * P ~ \ 4 x J | pJ f \ 1

/ \ A 1Fig. 1 Real model following configuration. 1U / \ P

K / \ Ka P
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Fig. 2 RMF simulation results: a) bam = u(t}'Mm =bpm =0; b) brm
) ; &am =&Pm =0; andc)fy?w = u ( t ) ; bam =brm = 0.

Hence the R.M.F. gains are computed from Eq. (12) as

0.065 -0.181 2.853 -7.349

-0.595 -1.741 26.973 -63.487

1.542 4.696 -67.844 71.469

Kp =

-0.126

0.0

0.0

1.0

0.0

0.0

0.0

0.0

0.0
0.104

1.00

-2.698

0.0

0.0

-4.927

0.0

0.0

1.0

6.613

63.487

-67.115

The control law results in the closed loop plant having the
characteristic polynomials(s + 5.0) (5 + 5.0) (5 + 2.5).

To verify that perfect model following is achieved and that
the plant is decoupled in the steady state the controlled system
was simulated using the IBM System/360 C.S.M.P. The
initial conditions on the plant and the model were jtp(0) = 0
and *w(0) = (-1.0,0.0,-1.0,0.1)r respectively. Asymptotic
model following and decoupling were indeed achieved. The
responses of the decoupled modes of the plant and the model
to step inputs to the model are shown in Fig. 2.

Conclusions
An RMF control law which does not require that the plant

model have the same order has been developed in this paper.

Though this control law is only a partial solution to the
problem it has been found to be applicable to a significant
number of practical systems and its application has been
illustrated by an aircraft lateral control problem. Work on
developing an RMF control law which permits arbitrary
placement of the closed loop poles of the plant is presently
being undertaken.
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Method for Developing "Around-the-
Clock" Gust Spectra
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G,,

J ( 0 )

Nomenclature
= number of gusts per mile (km) encountered ex-
ceeding a given value

= proportion of flight distance flown in turbulence
= frequency of occurrence of gusts per flight mile
(km) above zero gust velocity

= gust velocity for which exceedances are to be
calculated, actually the vertical component of
that gust velocity, fps (mps)

= slope of the curve on a semi-log plot for the basic
distribution of turbulence

= ratio of the intensity of turbulence at any altitude
to the basic intensity
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